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Exact three-wave solutions including periodic cross-kink wave solutions, doubly periodic
solitary wave solutions and breather type of two-solitary wave solutions for the (3 + 1)-
dimensional Jimbo–Miwa equation are obtained using the generalized three-wave
method. It is shown that the generalized three-wave method, with the help of symbolic
computation, provides an effective and powerful mathematical tool for solving high-
dimensional nonlinear evolution equations in mathematical physics.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
It is well known that many important phenomena in physics and other fields are described by nonlinear partial
differential equations. As mathematical models of these phenomena, the investigation of exact solutions is important in
mathematical physics. Many effective and powerful methods to seek for exact solutions have been proposed, such as the
inverse scattering transform [1], the Hirota’s bilinear form method [2], the tanh function method [3], the homogeneous
balance method [4], the auxiliary function method [5], and the Exp-function method [6].
With the rapid development of symbolic computation, studies on various physical structures of solutions of nonlinear
evolution equations have attracted much attention in connection with the important problems that arise in scientific
applications. Wazwaz proposed a method of multi-solitons [7]. Based on He’s Exp-function method, Dai and his colleagues
successfully applied the double Exp-function method to seek exact solitary solutions with two different velocities and two
different frequencies of a nonlinear equation, revealing intriguing characters of various inner-wave interactions [8]. Dai and
his colleagues also proposed an effective multi-wave method for inner-wave interaction [9].
Very recently, Dai et al. proposed a new technique called the ‘‘three-wave approach’’ to seek periodic solitary wave
solutions for integrable equations [10]. This method, with the help of symbolic computation, is of utmost simplicity, and it
can be applied to many kinds of nonlinear evolution equations.
In this work, applying the generalized three-wave approach to the (3+1)-dimensional Jimbo–Miwa equation, we obtain
more exact three-wave solutions including periodic two-solitarywave solutions, doubly periodic solitarywave solutions and
breather type of two-solitary wave solutions.
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2. Exact solutions for the Jimbo–Miwa equation
In this section, we consider the (3+ 1)-dimensional Jimbo–Miwa equation [11,12]
uxxxy + 3uxuxy + 3uxxuy + 2uyt − 3uxz = 0. (2.1)
According to the three-wave method, we assume that the solution of Eq. (2.1) has the following form:
u(x, y, z, t) = u0 + 2(ln F(x, y, z, t))x, (2.2)
where F(x, y, z, t) is an unknown real function and u0 is an arbitrary constant.
Substituting (2.2) into (2.1), we have a Hirota bilinear equation:
(D3xDy + 2DyDt − 3DxDz)F · F = 0. (2.3)
We then suppose that the real function F(x, y, z, t) has the following ansatz:
F(x, y, z, t) = e−η1 + L cos(η2)+ H cosh(η3)+ Keη1 , (2.4)
where ηi = aix + biy + ciz + dit + ri(i = 1, 2, 3) and ai, bi, ci, di are constants to be determined later; ri are arbitrary
constants.
On substituting (2.4) into (2.3), equating all the coefficients of e−η1 , eη1 , cos(η2), cosh(η3), sin(η2), sinh(η3) to zero yields
a set of algebraic equations. Solving the resulting equations, simultaneously, we obtain the following.
Case (I).
H = 0, K = 1
4
L2,
a1 = a1, b1 = 0, c1 = c1, d1 = −12a
3
1, r1 = r1,
a2 = 0, b2 = b2, c2 = 0, d2 = −3a1c12b2 , r2 = r2.
Then, we have a periodic kink-wave solution,
u1(x, y, z, t) = u0 + 2a1 sinh[a1x+ c1z − 1/2a
3
1t + r0]
cosh[a1x+ c1z − 1/2a31t + r0] + cos

b2y− 3a1c12b2 t + r2
 , (2.5)
where a1, c1, b2 are free constants and r0 = r1 + ln L2 .
In particular, by choosing different values of a1, c1, b2, r0 in (2.5), we can derive all the solutions of Eq. (2.1) reported
in [12]; here we omit them for simplicity.
Case (II).
H = 0, K = 1
4
L2,
a1 = a, b1 = 0, c1 = c, d1 = 0, r1 = r1,
a2 = 0, b2 = b, c2 = 13a
2b, d2 = −3ac2b , r2 = r2.
In this case, we obtain
u2(x, y, z, t) = u0 + 2a sinh(ax+ cz + r)
cosh(ax+ cz + r)+ cos by+ 13a2bz − 3ac2b t + r2 , (2.6)
u3(x, y, z, t) = u0 − 2a sin(ax+ cz + r)
cos(ax+ cz + r)+ cosh by− 13a2bz + 3ac2b t + r2 , (2.7)
where a, b, c are free constants, and (2.7) is obtained by setting a = ia, b = ib, c = ic in (2.6).
Case (III).
H = 0, K = 1
4
L2,
a1 = a1, b1 = 0, c1 = c1, d1 = −a31, r1 = r1,
a2 = 0, b2 = b2, c2 = −b2a
2
1
3
, d2 = −3a1c12b2 .
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We then obtain a new periodic kink-wave solution,
u4(x, y, z, t) = u0 + 2a1 sinh(a1x+ c1z − a
3
1t + r0)
cosh(a1x+ c1z − a31t + r0)+ cos

b2y− b2a
2
1
3 z − 3a1c12b2 t + r2
 , (2.8)
where r0 = r1 + ln( L2 ) and a1, c1, b2 are free constants.
If, in (2.8), we set a1 = ia, c1 = ic, b2 = b, r1 = ir, r2 = r , with a, b, c, r free real constants, then we obtain a doubly
periodic solution as follows:
u5(x, y, z, t) = u0 − 2a sin(ax+ cz + a
3t + r)
cos(ax+ cz + a3t + r)+ cos

by+ ba23 z + 3ac2b t + r
 . (2.9)
Case (IV).
H = 0, K = 1
4
L2,
a1 = −a, b1 = b, c1 = −c, d1 = −a3 − 3ac2b , r1 = r1,
a2 = a, b2 = b, c2 = c, d2 = −a3 − 3ac2b , r2 = r2.
We then obtain a new periodic kink-wave solution,
u6(x, y, z, t) = u0 + 2a sinh

ax− by+ cz + a3 + 3ac2b  t + r0− sin ax+ by+ cz − a3 + 3ac2b  t + r2
cosh

ax− by+ cz + a3 + 3ac2b  t + r0+ cos ax+ by+ cz − a3 + 3ac2b  t + r2 ,
where r0 = r1 + ln L2 and a, b, c are free constants.
Case (V).
K = 0, H = L,
a1 = d1 = 0, b1 = b1, c1 = c1, r1 = r1,
a2 = −ia3, b2 = ib3, c2 = ic3, d2 = −id3, r2 = r2,
a3 = a3, b3 = b1c3c1 , c3 = c3, d3 =
1
2
a3

−a23 +
3c1
b1

, r3 = r3.
We then obtain a new cross-kink soliton solution,
u7(x, y, z, t) = u0 + 2a3 L[sinh(η2)+ sinh(η3)][cosh(η1)− sinh(η1)] + L[cosh(η2)+ cosh(η3)] , (2.10)
where
η1 = b1y+ c1t + r1,
η2 = a3x− b1c3c1 y− c3z +
1
2
a3

−a23 +
3c1
b1

t + r2,
η3 = a3x+ b1c3c1 y+ c3z +
1
2
a3

−a23 +
3c1
b1

t + r3,
and b1, c1, a3, c3 are free constants.
If we make the dependent variable transformation in (2.10) as follows:
b1 = b, c1 = c, r1 = r, a3 = ia, c3 = ic∗, r2 = ir∗, r3 = ir∗∗,
where a, b, c, c∗, r, r∗ and r∗∗ are real constants, then we obtain a doubly periodic soliton solution,
u8(x, y, z, t) = u0 + 2a L[sin(η
∗
2)+ sin(η∗3)]
[cosh(η∗1)− sinh(η∗1)] + L[cos(η∗2)+ cos(η∗3)]
,
where
η∗1 = by+ ct + r,
η∗2 = ax−
bc∗
c
y− c∗z + 1
2a

a2 + 3cb
 t + r∗,
η∗3 = ax+
bc∗
c
y+ c∗z + 1
2a

a2 + 3cb
 t + r∗∗.
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Case (VI).
K = 1
4
[
L2 + H
2
a21
δ
]
, δ =

a41b
2
2 + 16c21
b2
, τ =

a21 + δ√
2
,
a1 = a1, b1 = 0, c1 = c1, d1 = −12a
3
1, r1 = r1,
a2 = 0, b2 = b2, c2 = 0, d2 = −3a1c12b2 , r2 = r2,
a3 = τ , b3 = b
2
2(−a21 + δ)τ
4a1c1
, c3 = c1τa1 , d3 =
(−5a21 + δ)τ
8
, r3 = r3.
We then obtain new periodic cross-kink solutions,
u9(x, y, z, t) = u0 + 2 2
√
Ka1 sinh(η1)+ Hτ sinh(η3)
2
√
K cosh(η1)+ L cos(η2)+ H cosh(η3)
, K > 0, (2.11)
u10(x, y, z, t) = u0 + 2 2
√−Ka1 cosh(η1)+ Hτ sinh(η3)
2
√−K sinh(η1)+ L cos(η2)+ H cosh(η3)
, K > 0, (2.12)
where
η1 = a1x+ c1z − 12a
3
1t + r1 + ln
|K |,
η2 = b2y− 3a1c12b2 t + r2,
η3 = τx+ b
2
2(−a21 + δ)τ
4a1c1
y+ c1τ
a1
z + (−5a
2
1 + δ)τ
8
t + r3,
with δ =
√
a41b
2
2+16c21
b2
, τ =
√
a21+δ√
2
and a1, c1, b2 free constants.
In particular, for special choices of the constants a1, c1, b2, r1, r2, r3 in (2.11)–(2.12), we can also obtain some solutions
for Eq. (2.1).
(i). Let a1 = ia, c1 = ic, r1 = ir, b2 = b.
Then, from (2.11)–(2.12), we obtain doubly periodic kink solutions,
u11(x, y, z, t) = u0 − 2 2
√
K1a sin(η∗1)− Hτ ∗ sinh(η∗3)
2
√
K1 cos(η∗1)+ L cos(η∗2)+ H cosh(η∗3)
, (2.13)
u12(x, y, z, t) = u0 + 2 2
√
K1a cos(η∗1)− Hτ ∗ sinh(η∗3)
2
√
K1 sin(η∗1)− L cos(η∗2)− H cosh(η∗3)
, (2.14)
where
η∗1 = ax+ cz +
1
2
a3 + r,
η∗2 = by+
3ac
2b
t + r2,
η∗3 = τ ∗x−
b2(δ∗ + a2)τ ∗
4ac
y+ cτ
∗
a
z + (δ
∗ + 5a2)τ ∗
8
t + r3,
K1 = 14 (L2 − H
2
a2
δ), δ∗ =
√
a4b2−16c2
b , τ
∗ =
√
δ∗−a2√
2
and a, b, c are real constants.
(ii). Let a1 = a, c1 = c, b1 = ib, r2 = ir.
Therefore, from (2.11)–(2.12), we obtain new cross-kink soliton solutions,
u13(x, y, z, t) = u0 + 2 2
√
K2a sinh(η∗∗1 )+ Hτ ∗∗ sinh(η∗∗3 )
2
√
K2 cosh(η∗∗1 )+ L cosh(η∗∗2 )+ H cosh(η∗∗3 )
, (2.15)
u14(x, y, z, t) = u0 + 2 2
√−K2a cosh(η∗∗1 )+ Hτ ∗∗ sinh(η∗∗3 )
2
√−K2 sinh(η∗∗1 )+ L cosh(η2)+ H cosh(η3)
, (2.16)
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where
η∗∗1 = ax+ cz −
1
2
a3t + r1 + ln
|K |,
η∗∗2 = by+
3ac
2b
t + r,
η∗∗3 = τ ∗∗x−
b2(−a2 + δ∗∗)τ ∗∗
4ac
y+ cτ
∗∗
a
z + (−5a
2 + δ∗∗)τ ∗∗
8
t + r3,
K2 = 14 [L2 + H
2
a2
δ∗∗], δ∗∗ =
√
a4b2−16c2
b , τ =
√
a2+δ∗∗√
2
and a, b, c are real constants.
(iii). Let a = ia, b = ib, c = ic, r1 = r2 = ir .
Then, from (2.11)–(2.12), we obtain
u15(x, y, z, t) = u0 − 2 2
√
K3a sin(η˜1)− H τ˜ sinh(η˜3)
2
√
K3 cos(η˜1)+ L cosh(η˜2)+ H cosh(η˜3) , (2.17)
u16(x, y, z, t) = u0 + 2 2
√
K3a cos(η˜1)− H τ˜ sinh(η˜3)
2
√
K3 sin(η˜1)− L cosh(η˜2)− H cosh(η˜3) , (2.18)
where
η˜1 = ax+ cz + 12a
3t + r,
η˜2 = by− 3ac2b t + r,
η˜3 = τ˜x+ b
2(a2 + δ˜)τ˜
4ac
y+ cτ˜
a
z + (5a
2 + δ˜)τ˜
8
t + r3,
K3 = 14 [L2 − H
2
a2
δ˜], δ˜ =
√
a4b2+16c2
b , τ˜ =
√
δ˜−a2√
2
and a, b, c are real constants.
The solution represented by (2.11) (respectively, (2.12), (2.17), (2.18)) is a breather type of two-solitary wave solution
which contains a periodic wave and two solitary waves, whose amplitude periodically oscillates with the evolution of time.
3. Conclusion
In this work, the three-wave approach is applied to the (3 + 1)-dimensional Jimbo–Miwa equation. New three-wave
solutions including periodic cross-kink wave solutions, doubly periodic solitary wave solutions and breather type of two-
solitary wave solutions are obtained. All the presented solutions show the remarkable richness of the solution space of the
(3+1)-dimensional Jimbo–Miwa equation (2.1). It is also shown that the three-wavemethod is direct, concise and effective;
it can be used to treat many other types of nonlinear evolution equation.
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